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A s o l u t i o n  i s  p r e s e n t e d  fo r  the t h e r m a l  and i o n i z a t i o n  b a l a n c e  equa t ions  fo r  a p a r t i a l l y  i on ized ,  b i n a r y ,  
r e a c t i n g ,  m u l t i c o m p o n e n t  g a s  m i x t u r e .  The  c ond i t i ons  f o r  e s t a b l i s h m e n t  of  the  t e m p e r a t u r e  of the  gas  m i x -  
t u r e  c o m p o n e n t s  and of the  e l e c t r o n  c o n c e n t r a t i o n  u n d e r  u n s t e a d y  i o n i z a t i o n  cond i t i ons  a r e  a n a l y z e d  as  a 
f lmct ion  of  the  s e c o n d a r y  e l e c t r o n  e n e r g y .  

The t h e r m a l  r e g i m e  f o r  n o n e q u i l i b r i u m  i o n i z a t i o n  cond i t i ons  in a p a r t i a l l y  i o n i z e d  gas  m i x t u r e  wi th  
de f ined  c h e m i c a l  k i n e t i c s  i s  s t u d i e d .  The  l i m i t  on i o n i z a t i o n  (r  = n e / n  -< 10 ~, w h e r e  n e and n a r e  the  e l e c -  
t r o n  and n e u t r a l  c o n c e n t r a t i o n s ,  r e s p e c t i v e l y )  a s s u m e d  in the  w o r k  e n s u r e s  tha t  the  n e u t r a l  c o m p o n e n t  
p r o p e r t i e s  a r e  t h e r m a l l y  s t a t i c .  Th i s  l i m i t  a l lows  the b a s i c  equa t ions  to  be  s i m p l i f i e d  s u b s t a n t i a l l y .  

The e n e r g y  c o n s e r v a t i o n  and t r a n s p o r t  equa t ions  f o r  a r e a c t i n g ,  b i n a r y ,  s p a t i a l l y  u n i f o r m  gas  m i x t u r e  
m a y  be  r e p r e s e n t e d  in the  f o r m  [1] 

dT• 
3kn x ~ = ~lxvnxn~ (mxT x ~- m~Tz )~h (T~ -- Tx) -- ~, ~xz' 
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C~T• 
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whe re  

dn• _ %:--~%,.~,n,~,n~+ ~ %~n~n~ (2) 
dt ~. ~,~ 

4m~T$ 4 (2m a + m~) (m~T(~ + m~Ta) 4 (mare• -~- m• x -t- m~mx) (m~T$ ~-.mbT~) ~ 
CaJ 3 = t ~- ~ 3m~T a (m a ~ m~) "4 3m(3m x (m a 44- m~)~ T~zT ~ 

2%a~mx (maT ~ -4- m;~Ta) T• (m~T ~ + m~Ta) 
"~- 3m.• (m a ~ m$) kTaT ~ -- mxT~T ~ 

Here  n ~ ,  Tn, and m ~  a r e  the  c o n c e n t r a t i o n ,  t e m p e r a t u r e ,  and m a s s  of p a r t i c l e s  of the  n componen t ;  
k i s  B o l t z m a n n ' s  c o n s t a n t ;  q~ is  the  r a t e  of f o r m a t i o n  of n - t y p e  p a r t i c l e s  as  the  r e s u l t  of e x t e r n a l  p r o c -  
e s s e s ;  and ~ r  ~(~fi a r e  the  r a t e  c o n s t a n t s  fo r  c r e a t i o n  and ann ih i l a t i on  of ~r p a r t i c l e s .  

The  f i r s t  t e r m  on the r i g h t  s i de  of  Eq.  (1) r e l a t e s  to  e l a s t i c  i n t e r a c t i o n s  of the  ~ - t h  and ~ - t h  c o m -  
ponen ts  of  the  m i x t u r e ,  the  s e c o n d  s u m  c o r r e s p o n d s  to  r e a c t i o n s  of the  f o r m  ~t + 9/' ~ (r + fi, and the t h i r d  
s u m  to r e a c t i o n s  of  the  f o r m  ~ + fl ~ n + X ( c o r r e s p o n d i n g l y ,  e ~fi i s  the  e n e r g y  e f f ec t  of th i s  r e a c t i o n ) .  

The  c o e f f i c i e n t s  u n d e r  the  s u m m a t i o n  s i gn  on t h e  r i g h t  s i de  of Eq.  (1) a r e  d e t e r m i n e d  by  the i n t e r a c -  
t ion  c r o s s  s e c t i o n  

- -  a ~ 1 [  
32 ) f~ zuvk / (rn mv) " (3) 

~1~ - V~-  (m~ + m~) ~ 

- ' -  ,~-~"" "~ (4) 
[3 .~, = m v" ' ~ - -  (m m~ )'1' 

M o s c o w .  T r a n s l a t e d  f r o m  Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i T e k h n i c h e s k o i  F i z i k i ,  No. 1, pp.  144-147,  
J a n u a r y - F e b r u a r y ,  1971. O r i g i n a l  a r t i c l e  s u b m i t t e d  F e b r u a r y  12, 1970. 

�9 1973 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West ]7th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

1 3 1  



H e r e  (r . .  i s  the  d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  e l a s t i c  i n t e r a c t i o n s  and * * ~ ~ ,  %~fl a r e  the  d i f f e r e n -  
t i a l  c r o s s  s e c t i o n s  fo r  i n e l a s t i c  i n t e r a c t i o n s .  

The  s e t  of Eqs .  (1) and (2) i s  n o n l i n e a r  and the  p o s s i b i l i t y  of i t s  l i n e a r i z a t i o n  i s  a s s o c i a t e d  wi th  l i m i t -  
ing the  d e g r e e  of i o n i z a t i o n .  Th i s  p e r m i t s  c o n s i d e r a t i o n  of on ly  n e u t r a l  c o m p o n e n t s  in  the  g a s  m e d i u m  in 
accoun t ing  fo r  e l a s t i c  c o l l i s i o n  i n t e r a c t i o n s .  

Then ,  f r o m  E q s .  (1) and (2), the  equa t ions  which  d e t e r m i n e  the e l e c t r o n  t e m p e r a t u r e  and c o n c e n t r a -  
t ion t a k e  the  f o r m  

dT e 32 V'~ r162 )V'nen.r (met e § m~T v )7, 
kne T =~ ~ 3 VT (% + m~)" y 

• (Tv - -  Te) - -  3rn[" f (:eini -~ (% - -  3kTe) q 
(5) 

d'e ~'  :e~i (6) 
dt  - -  q § ne T 

and the ion  t e m p e r a t u r e  u n d e r  q u a s i n e u t r a l ,  n e = Zni ,  and t h e r m a l l y  s t a t i c  cond i t i ons ,  Tn = c o n s t  (the index  
r e l a t e s  to  n e u t r a l  p a r t i c l e s ) ,  m a y  be  found f r o m  the  equa t ion  

4~enm~/' 
(T n __ Ti ) (T i § Tn)'l: : (T e __ T n ) T~' ainm~, (7) 

F o r  s o l u t i o n  of  Eq.  (7) i t  i s  conven ien t  to i n t r o d u c e  the no ta t ion  

(Te _ Tn) T n ,  h 4%nm:/' t ( 27c~ \ 
c~ ~/, =c,  cos(p 2 
- inmn 

The e n e r g y  r e l a t i o n s h i p  f o r  the  r e a c t i n g  s y s t e m  has  the  f o r m  

M i -~  hv I = M ~ +  e 

w h e r e  l = 1, 2, . . . .  k c o r r e s p o n d s  to the  c h a r a c t e r i s t i c  i on i z ing  r a d i a t i o n  f r e q u e n c y ,  d e t e r m i n e d  by  the 
e l e c t r o n  c o n c e n t r a t i o n  of the  gas  m i x t u r e  wi thout  account  of add i t iona l  hea t  s o u r c e s ,  and i s  c h a r a c t e r i z e d  
by  two fundamen ta l  v a l u e s :  the  i o n i z a t i o n  r a t e  q = qi + q2 + �9 �9 �9 qk ;and the m e a n  e n e r g y  e f f ec t  of  the  r e a c -  
t ion ,  i . e . ,  the  a v e r a g e  s e c o n d a r y  e l e c t r o n  e n e r g y  

nla~ § n~s~ + . . .  + nk% (8) 
%= r e § 2 4 7  +n~ 

I t  is known that the re la t ionship  between these  values  is one of the mos t  significant c h a r a c t e r i s t i c s  of 
heat  t r a n s f e r .  Thus,  es tabl ishing this re la t ionship  together  with de terminat ion  of the t e m p e r a t u r e  develop-  
m e n t  t i m e  i s  the  p r i m a r y  a i m  of th i s  w o r k .  

We i n t r o d u c e  the  a v e r a g e  e f f ec t i ve  v a l u e s  of (a  

< a >  - -  - -  

and t r a n s f o r m  Eqs.  (5)-(7) to the f o r m  

Y-':~e~ n~ 

and (a*~ by the e q u a t i o n s ?  

~vnv 
<~*> - -  y~n v 

-- " " '/" 4 ~f"~ z*n~e (kT e )3/2 kne ydTe = Ey 32 ]/-~t %.:kV-(mern v 3  ]/--2)V-nenv(m e § § ,nyTy ) (Tv -- Te) -- 3m~" -~ (% -- 3kTe) q (9) 

d n  e 

dt " : q --an~e ( i0)  

r~ = T~ (1/3 + 4/3 cos (60 ~ --  Va (P)) (11) 

? In the  fo l lowing  the  < ) w i l l  be  d e l e t e d ,  i . e . ,  i t  sha l l  be u n d e r s t o o d  tha t  a and a * r e f e r  to  the  a v e r a g e  
v a l u e s .  
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Transforming  to the dimensionless  variables  

z = nJn, Ye = TelToe' qr -~ q[n 

and taking into account the known relat ionship between the differential c ro s s  sections of the dissociat ion-  
recombinat ion react ion and the effective recombinat ion coefficient 

4 ]/-')~ kT;/:- 

we t r ans fo rm Eq. (9) to the following fo rm:  

dyt ~ 3qe 
_~_ ~ _{. bz ) ye_~_ ( ay 8eqe '~ (12) dt - -  a 

32 ]/-~m:l,%.~ (kT n )%% Tn , , n~ 
~= ~'., 3 V~,% , b= 3 ~ ~--  To~ 

Here Toe is the initial e lec t ron  t empera tu re .  

In this case ,  solution of Eq. (12) may be obtained in the following manner :  

ye=exp I__i(a + ~ - ~ + b z ) d ' ~ ) [ , +  ! ( a y + ~ l e x p ( i ( a t - ~ - + b z )  dT)d,~ ] (13) 

The most  general  case in which it is convenient to use experimental  data in the analysis is the case 
of rapid change in ionization rate  when the function q(t) may  be approximated by the step function 

q it) = qo ~ 0 (t) hq, 

We represen t  solution of Eq. (10) in the fo rm 

n 1 4- o - I  th (t V-~) " . i  

Putting Eq. (14) into (13) we obtain 

\ kTo~ ' V~ 

u r + ~ l  [ 3ay % ~ u r + 3 - t  
2 (r-~ 2) ~'~ ~ ~ q  -~k-~oe ) -~ 2(r-~-3) 

0(t)= { ~ (t>~o) 
(t < o) 

r q ~'/" (14)  

u r+l -- ~ ( 3ay e e 
/ (15 )  

where 

,( ~ b)  

,={  (~ + t)/(+- t) for < > i  
- -  80 + i)/(r -- i) for 

We determine the rate  of development of e lec t ron concentrat ion and tempera ture ,  i .e. ,  the values 
which charac te r i ze  the t ime rate of approach of z and Ye to their  asymptotic values.  

As a c r i t e r ion  for steady state development we select  the conditions 

I z -  z,, 1"-.<~ L Zo--  ~,, f ,  [Ye--Y,,I~61II--Yal ( 16 )  

Here 6 and 6 t are a rb i t r a ry  positive numbers ,  and Ya and z a are  the asymptotic values of Ye and z.  
Using Eq. (16) we obtain, in analogy with [2], an est imate  of the t ime for establ ishment  of the e lectron con-  
centration: 

>~ I 2 - - 8 ( t - o - 9  (17)  
t2 17 "2~a-~ In 6 (i + r 
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T A B L E  1 

qcm "s,sec'~10a tOa lO 3 iO ~ 
sev=0.7 t . 8 5 . 7  22 (i~=i0) 
eev=0.8 2 5.7 t7.5 0~=100) 

Equa t ion  (17) p e r m i t s  e s t i m a t i o n  of  the  t i m e  f o r  e s t a b l i s h -  
m e n t  of the e l e c t r o n  t e m p e r a t u r e  ty  e ,  ~ a s  a func t ion  of 51. T h e r e -  
f o r e ,  ff i t  i s  a s s u m e d  tha t  t z ,  ~ = ty  e ,  ~ we ob ta in  the  r e l a t i o n -  
sh ip  51 = f ( 5 ) .  F o r  s u f f i c i e n t l y  l a r g e  v a l u e s  of  t z, ~ c o r r e s p o n d i n g  
to  s m a l l  v a l u e s  of  5, i t  m a y  e a s i l y  be s e e n  tha t  51 = 6~ ,  whi le  z 0 = 
n 0 e / n  (n0e i s  the i n i t i a l  va lue  of the  e l e c t r o n  c o n c e n t r a t i o n ) ,  

zo - -  z a Ye - -  Ya [(3 - -  0 )  q y  - -  5 ( 2 ~  + ~)] (0)-~ - -  t )  = lira 
1 - - Y  a t ~  z - - z  a ~ ( l - q - ~ + ~ l ) [ ( q - ~ 3 - ~ # ) - - O l y  q-g)] 

b a s e 

Using  th i s  fac t  we ob ta in  the  equa t ions  fo r  the  r e l a t i o n s h i p  b e t w e e n  e e and q knowing,  fo r  e x a m p l e ,  
X f r o m  e x p e r i m e n t :  

~" ,qk T n 
% = k/'o~ ~ ~, -- ~ [~,~F + (3 --0) (o~-1 _ i)1 (18) 

= (i + 0 +  ~1) (3 -{- ~qL ~l) (19) 

�9 = ~ ( i  ~ -  0 q-  ~l) - -  ( 2 0  q-  ~l) ( o)-1 - -  1) ( 2 0 )  

As an e x a m p l e  of the  u se  of  the  r e l a t i o n s h i p s  ob ta ined ,  we e s t i m a t e  the  t i m e  fo r  e s t a b l i s h m e n t  of n e 
and Te c h a r a c t e r i s t i c  f o r  the  a u r o r a l  i o n o s p h e r e ,  i . e . ,  the  r e g i o n  of the  i o n o s p h e r e  in which  the  d o m i n a n t  
r o l e  in  the  e n e r g y  b a l a n c e  and i o n i z a t i o n  i s  p l a y e d  by  a f low of e l e c t r o n s  wi th  a d e n s i t y  Ie = 10s-10 s c m  -2 x 
s e c  -1 and an e n e r g y  of  1-10 keV [3]. C o m p u t a t i o n s  show tha t  fo r  q0 = 103 c m - 3 s e c - 1  

n e ~ n i ~ 10 5 a m - 3 ,  c~ ~ 10 -~ a m  3 ,  sec -1 

25sec for q=lO ~ crn ~.sec-~ 
tz ~  ltOsee for q = l O  s cmS.sec-1 

Us ing  the  r e l a t i o n s h i p  b e t w e e n  the  s e c o n d a r y  e l e c t r o n  e n e r g y  and the change  in  i o n i z a t i o n  funct ion ,  
we c o m p u t e ,  fo r  v a l u e s  of the  p a r a m e t e r  X = 10 and 102, v a l u e s  of  Toe = 103 ~ and Tn = 3 �9 102 ~ fo r  qo = 
103 c m - 3 s e c  -1 . It  m a y  be s e e n  tha t  t h e s e  v a l u e s ,  which  a r e  shown in T a b l e  1, a r e  in a g r e e m e n t  wi th  one 
a n o t h e r .  A c t u a l l y ,  i n c r e a s e  in  the  i o n i z a t i o n  r a t e ,  and c o r r e s p o n d i n g l y  in  the  d e n s i t y  of  he a t i ng  s o u r c e s  in 
the gas  m i x t u r e ,  l e a d s  to m u c h  m o r e  i n t e n s e  hea t  t r a n s f e r  ( d e c r e a s e  in t e m p e r a t u r e  e s t a b l i s h m e n t  t ime)  
and d e c r e a s e  in  the  e n e r g y  of s e c o n d a r y ,  h y p e r t h e r m a l  e l e c t r o n s .  
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